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We prove that every regular Z-space X with X’\A paracompact has a G,-diagonal. This implies 
that every analytic space X with X’\A paracompact is point-analytic, which answers a question 
of Frolik. 
1. Introduction 
It is proved in [7] that a compact Hausdorff space X with X2\A paracompact, 
where A is the diagonal, is metrizable. We generalize this theorem by proving that 
each regular _&space with X2\A paracompact has a G,-diagonal. 
This fact has an application in descriptive set theory. The question is raised in 
[4] whether every analytic space X with X2\A paracompact is point-analytic. This 
question is stated for notions of ‘analytic’ and ‘point-analytic’ which apply to 
non-separable as well as separable spaces, but was apparently unsolved even in the 
separable case. (We remind the reader here that, in the separable case, many authors 
use the term ‘K-analytic’ instead of ‘analytic’, and the term ‘analytic’ in place of 
‘point-analytic’.) In any case, by Theorem 6 in [4], for an affirmative answer it 
suffices to show that such spaces have a G,-diagonal, which we are going to do. 
As mentioned above, X’\A paracompact implies that compact subsets of X are 
metrizable. Fremlin [3] showed that this condition is not necessarily sufficient, by 
proving that for the separable case, the statement 
“every analytic space, all compact subsets of which are metrizable, is point- 
analytic” 
is equivalent to the statement “b > w,“, where b is the least cardinal of an unbounded 
family in “w. 
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2. Definitions 
All our spaces are assumed to be completely regular (and Hausdorff). A space 
X is a (strong) E-space if there is a cover % by closed countably compact sets, and 
a u-discrete collection 9 such that whenever C E %? and C = U with U open, then 
C c F c U for some FE 9. See [ 1 l] or [S] for an outline of basic results on Z-spaces. 
Here we recall for the benefit of the reader that metrizable spaces and countably 
compact spaces are E-spaces, and that the class of (strong) E-spaces is preserved 
in both directions by quasi-perfect (perfect) maps, i.e., closed maps with countably 
compact (compact) fibers. So in particular, paracompact p-spaces (=perfect pre- 
images of metric spaces) and Nagata’s class of M-spaces (=quasi-perfect pre-images 
of metric spaces) are Z-spaces. Also, a I-space X is a r-space (i.e., has a a-discrete 
network) if and only if X has a G,-diagonal. Finally, a I-space X is a strong 
Z-space if and only if X is subparacompact. 
A space X analytic (or K-analytic) if there is an upper semicontinuous compact 
valued map F from a complete metric space M (of weight K) onto X such that 
whenever (0, : a E I} is a discrete family in M, then {F(D,): (Y E I} is a-discretely 
decomposable in the fine uniformity on X.’ X is point-analytic (or K-point-analytic) 
if there is such an F which is single-valued. Note that w-analytic spaces are often 
called ‘K-analytic’, and w-point-analytic spaces are often called ‘analytic’ or ‘Sous- 
lin’. Our terminology is that of [5], to which we refer the reader for basic facts 
concerning analytic spaces. For the purposes of this paper, all we really need to 
know is that every analytic space is a strong E-space (see Lemma 6). 
A sieve for a space (X, 7) is a pair (G, T), where T is a tree of height w and G: 
T + 7 satisfies: 
(i) {G(t): t E TO} covers X, where TO is the least level of T. 
(ii) For each TV T, G(t) = U {G(t’): t’ is an immediate successor of t}. 
A space X has a W,-diagonal if X has a sieve (G, T) such that if { t,},,, is a branch 
of T, then In,,,, G(t,)l s 1. The notion of a sieve is due to [2], where it is shown 
that a submetacompact space with a W&-diagonal has a G&-diagonal. 
3. Main results 
First we note that the solution of Frolik’s problem for classical K-analytic spaces 
(i.e., w-analytic) follows easily from known results and the following simple lemma. 
Lemma 1. If X is Lindeliif; each point of X is G,, and X2\A is paracompact, then X 
has a point-countable T,-separating open cover 021 (i.e., x1 # x,+x, E U,, x2 E U,, and 
U,~I U,=@ for some U,, U2E Q). 
’ In [6], Frolk and Holicky suggest the notion oftopological analyticity (i.e., using topological discreteness 
instead of uniform), and this was investigated in [9]. Since we are dealing with paracompact spaces, for 
this paper it makes no difference which is used. 
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Proof. Let V be a locally finite open cover X2\A refining 
W={W,x wz: W,n W,=l?}. 
For each x E X, let S, = {(x, y): y E X\{x}}. Since x is G6, S, is Lindelof, so the 
collection 
{VE7r:xEn,(V)}={VECI/‘: VnS,#0} 
is countable. Similarly, { VE “Ir: x E L’,(V)} is countable, hence 
011 = u {{n,( V), DA VI: v E v/-) 
is point-countable. That % is T2-separating follows easily from the fact that ‘V 
refines W. q 
Now suppose X is an w-analytic space, and X2\A is paracompact. It is well 
known (and easy to see) that X is a Lindelijf Z-space. It is also not difficult to 
show that each point of X is G6. (Lemmas 2 and 3 give a proof, but it is really 
easier in this case.) But every I-space with a T,-separating open cover is a g-space 
[lo, 131, hence has a GA-diagonal. So by Frolik’s result, X is point-analytic. 
Now we go on to the proof of our main result. We will need to know that if X 
is a I-space and X’\A is paracompact, then each point of X is G6. The next two 
lemmas do this job. 
Lemma 2. Suppose X’\A is normal and x E X. If x E M form some countable M c 
X\(x), then x is a G,-point. 
Proof. Let H = {x} x (X\(x)) and K = (X\(x)) x {x}; then H and K are disjoint 
and closed in X2\A. Let lJ 2 H be open such that u A K = 8. For each m E M, let 
U,,, be an open neighborhood of x such that U,,, x {m} c U. If y E nmtM U,,,, y f x, 
then (y, x) E K n 0, which is a contradiction. 0 
Lemma 3. If X is a 2-space and X2\A is paracompact, then each point of X is G,. 
Proof. Note that X, being paracompact, is a strong I-space; let %’ be a cover of X 
by compact sets, and 9 = U,,, 9n a u-discrete collection of closed sets which 
shows this. Let p E X, and choose open sets U,, containing p with U,, 1 u,,,, , n E w, 
such that 
U,,~X\U{FE%,: i<n,p&F}. 
Let Y=n,,, U,. Note that y E Y and y E C E % implies p E C. 
Since Y\(p) is paracompact, there is a a-discrete (in Y\(p)) closed cover 
x9= U,,, St’, of Y\(p). Suppose p is not Gs: then since Y is G,, some x,, must 
be uncountable, so there exists a set Z = {z,: (Y < wl} such that Z is closed discrete 
in Y\(p). By Lemma 2, p is not in the closure of any countable subset of Z; it 
follows that every compact set meets Z u {p} in a finite set. 
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For each (Y, let z, E C, E %. There exists F, E 9 such that C, c F, and F, n 
{zp: p < a, zp E C,} = 0. Each F, contains p, so F, = F for some FE 9 and for 
uncountably many (Y. But this is clearly impossible. q 
Theorem 4. Let X be a regular Z-space such that X*\A is paracompact. Then X has 
a G,-diagonal (hence X is a u-space). 
Proof. Let 5%’ be a cover of X by compact sets and 9= lJ,,, 5,, a v-discrete 
collection which shows that X is a (strong) Z-space. For each x E X, let R(x, n), 
n E w, be a collection of open sets with {x} = n,,, R(x, n). Let v be a locally finite 
cover of X*\A by open sets whose closures miss A. 
We define a sieve (G, T) with T = X’” as follows. Let G(0) =X, and suppose 
G(s) has been defined for all s E X’“. Let s =(x,, . . . , x,_,) and x E X. If x& G(s), 
let G(s”(x)) = 0. If x E G(s), define G(s”(x)) to be an open neighborhood of x 
satisfying the following conditions: 
(i) G(s^(x)) c G(s) n R(x, n); 
(ii) G(s^(x)) c X\u {FE 9,: is n, x E F}; 
(iii) If x, # x, i < n, then {xi} x G(s^(x)) meets only finitely many members of “Ir; 
(iv) If i<j<n, xi#xj, VE Y, and ({xj}xG(s]j+l))n VZB, then G(s^(x))*n 
v=0. 
Now suppose s = (x,, x,, . . .)E X”; we need to show that In,,, G(s]n)ls 1. 
Suppose not. By (i), we may assume that no point of x is repeated infinitely many 
times in the sequence s. 
We show that the sequence (x,) has a cluster point p (which by (i) must be in 
n,,, G(s] n)). Let x E n,,, G(sln), and x E C E (e. By (ii), if C c FE 9, then all 
but finitely many xi’s are contained in F. It follows that every neighborhood of C 
contains all but finitely many xi’s so the x,‘s must have a cluster point p E C. 
NOW suppose n,,, G(s r n) contains a point q # p. Let (p, q) E VE “Ir. Then 
({x~}XG(~~i+2))nVf0forsomei~~.By(iv),if~>i+2,thenG(s~n)2nV=0, 
contradicting (p, q)E G(srn)‘n V 0 
Corollary 5. If X is a completely regular p-space such that X*\A is paracompact, then 
X is metrizable. 
Proof. By the assumptions, X is a paracompact p-space, hence a Z-space, so X 
has a G&-diagonal. But a paracompact p-space with a G,-diagonal is metrizable 
[l, 121. 0 
Since it is shown in [5] that analytic spaces can be characterized as those spaces 
which are homeomorphic to a Souslin-F subset of a paracompact tech-complete 
space, and since tech-complete spaces are p-spaces, the next lemma is just what 
we need to complete the solution to Frolik’s problem. We suspect this lemma may 
be known, though we have not found a reference. It is possible to use a similar 
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construction to show directly from the definition that analytic spaces are strong 
Z-spaces. 
Lemma 6. If X is a Souslin-F subset of a paracompact p-space Y, then X is a strong 
Z-space. 
Proof. Let {&:a~ w’“} be closed subsets of Y such that X = 
u <f-l,,, H,,,,: UE ow}. We may assume that I-&,1,+, c H,,,, for each (TE w“’ and 
n E w. Let f: Y+ M be perfect, where A4 is metrizable. Let 4 be the pre-image of 
a g-discrete base for M. Finally, let % = {f-‘(m) n (f-j,,,, H,,,): u E ww, m E M} 
and 9={HH,nGnX: GE~.,uE~~~~}. 
We show that % and 9 satisfy the conditions for X to be a strong E-space. Let 
Cc U, with C =f’(m)n (f-l,,,, H,,,), and U open in X. Let GO, G,, . . . be a 
decreasing sequence of elements of 4 such that {f(G,): n E w} is a base at m E M. 
Suppose that for each n E w, we have x, E H,,, n G, n (X\ U). Then the x,‘s have 
a cluster point p Ef~‘( m)\ U. But for each n, {x, : i > n} c H,,,, so p E C, which is 
a contradiction. q 
Corollary 7. Every analytic space X such that X2\A is paracompact is point-analytic. 
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